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Majorana modes and fractional fermions are two types of edge zero modes appearing separately in
topological superconductors and dimerized chains. Here we reveal how to harvest both types of edge
modes simultaneously in an exotic chain. Such modes are naturally spin-charge separated, and are
protected by the inversion and spin-parity symmetries. We construct a lattice model to illustrate the
nature of these edge modes, utilizing fermionic functional renormalization group, mean-field theory
and bosonization. We also elucidate that the four-fold degenerate ground states with edge-spinons
in the Haldane phase of spin-1 chain may be reinterpreted as our spin-charge separated edge modes
in an equivalent spin-1/2 fermionic model.
PACS numbers: 03.65.Vf, 71.10.Pm
Introduction Topological gapped fermionic systems are
characterized by a finite energy gap in the bulk and topo-
logically protected gapless states on the boundary [1–3].
In one dimensional (1D) topological systems, the edge
zero modes may be understood as a consequence of the
so-called symmetry-protected topological (SPT) fraction-
alization [4]. For example, the presence of Majorana
zero modes (MZMs) in a 1D topological superconduc-
tor (TSC) [5] is a result of SPT fractionalization of Z2
fermion parity, while the emergence of fractional fermion
(FF) (with a fractional charge) in a dimerized chain, the
analogue of Su-Schrieffer-Heeger (SSH) model for poly-
acetylene [6], stems from the SPT fractionalization of
inversion symmetry PI . On the other hand, a unique
property of 1D fermionic spinful system is spin-charge
separation [7], or decoupling of charge and spin degrees
of freedom. Thus an intriguing and fundamental question
arises: whether topological bulk or/and edge states can
be realized in charge and spin channels independently in
the same 1D SPT system?
To answer the question, we need to consider spinful
systems and how edge zero modes emerge therein. One
remarkable example is a DIII class topological supercon-
ductor (DSC) with spin rotational U(1) symmetry [8]. It
is the fractionalization of the Z2 parity symmetry (for
charges) that results in MZMs at the edges. Due to the
time-reversal symmetry, MZMs at each end form time-
reversal partners and carry opposite spins. This inspires
us to realize SPT fractionalization in the spin and charge
channels independently, such that edge zero modes would
appear independently and therefore inherit spin-charge
separation in the bulk. Moreover, the edge modes in the
spin channel could be restructured as Majorana modes
if a parity symmetry in the spin channel could be im-
plemented. In this way, it appears possible to realize an
exotic type of edge zero modes composed of Majorana
modes in the spin channel and fractional fermions in the
charge channel.
In this paper, we demonstrate how to realize the
above-mentioned exotic edge zero modes. We propose a
1D lattice model of interacting fermions with inversion
symmetry and spin parity symmetry. Using functional
renormalization group as a guide, we reach a mean
field theory with a bond-centered spin-density-wave
(bSDW) order. The ground state is 4-fold degenerate,
leading to four edge zero modes. By fractionalization
of the spin parity, these modes may form a product
of Majorana modes in the spin channel and fractional
fermion modes in the charge channel. The results
are corroborated by an effective field theory based
on bosonization. The unique structure of edge zero
modes uncovered here enables separate manipulation
of spin and charge degrees of freedom, which may
be desirable in topological qubits [9]. Finally, we
present an alternative theoretical understanding of the
Haldane phase of spin-1 chain based on the above results.
Lattice model Let us begin with a one dimensional lat-
tice model of spinful fermions,
Hlat =
∑
jσ
[−t(c†jσcj+1σ + h.c)− µc†jσcjσ]
+W1
∑
j
(c†j↑c
†
j↓cj+1↓cj+1↑ + h.c)
+W2
∑
j
(c†j↑c
†
j+1↑cj+1↓cj↓ + h.c), (1)
where cjσ annihilates an electron of spin σ at site j,
and W1 (W2) is the interaction strength for site-wise
singlet-pair hopping [10] (bond-wise triplet-pair spin
flipping). Throughout this paper we focus on half
filling so that we set µ = 0. The system respects
translation symmetry, inversion symmetry, particle-hole
symmetry and time-reversal symmetry. The triplet-pair
2spin-flipping breaks the global spin SU(2) symmetry, but
the total spin component Sz changes only by multiples
of ±2, leaving a discrete spin symmetry characterized
by a Z2 spin parity PS = (−1)Sz for even-number sites.
The inversion symmetry is known to protect fractional
fermions in dimerized chain, and the spin parity is
a key ingredient in realizing topological superconduc-
tivity in the absence of superconducting reservoir [11, 12].
FRG-guided mean field theory We limit ourselves to re-
pulsive interactions W1 > 0 and W2 > 0 throughout this
paper. Both interactions would promote the bSDW or-
der [14], 〈c†jσxcj+1 +h.c.〉 ∼ (−1)jM . (Henceforth σx,y,z
are Pauli matrices in the spin basis, and cj is a two-
component spinor.) Such a state breaks the A-B sub-
lattice symmetry and mixes spin parities, forming the
suitable basis for SPT fractionalizations. However, there
are other competing orders. For example, a repulsive
W1 would promote singlet pair-density-wave (sPDW),
〈c†j↑c†j↓〉 ∼ (−1)jΓ, while a repulsive W2 would promote
site-local SDW, 〈c†jσxcj〉 ∼ (−1)jm, as well as a particu-
lar triplet pairing, 〈c†jσxiσy(c†j+1)t〉 ∼ ∆. To treat all po-
tential orders on equal footing, we resort to the singular-
mode FRG [15]. It turns out that for W1/W2 > 1/8,
the bSDW is the only instability of the normal state at
low energy scales. (More details can be found in the
Appendix A) Therefore, in this parameter space the low-
energy physics can be safely described by an effective
mean field hamiltonian,
HMF =
∑
j
{
c†j [−tσ0 + (−1)jMσx]cj+1 + h.c.
}
, (2)
where σ0 is the identity matrix in spin basis. The mean
field hamiltonian has an emerging symmetry that con-
serves the spin component Sx. Along this quantization
axis, σx is diagonal (with eigenvalues ±1), and HMF is
manifestly a doubled version of the SSH model.
Edge zero modes Because of the oscillating sign before
M in Eq.(2), one of the sectors (labeled by σx = ±1)
must be topological while the other is trivial. In the
topological sector, two-fold degenerate edge zero modes
carrying fractional charges appear, similarly to the case
in the SSH model. (The entire system is a direct prod-
uct of both sectors and is therefore always topologically
nontrivial.) On the other hand, the order parameter M
can take two opposite signs. Thus the ground states are
4-fold degenerate[16]. To gain insight into the topolog-
ical nature of the edge zero modes, it suffices to con-
sider, without loss of generality, the special case t = |M |,
in which the mean field chain contains, for a given σx-
sector, disconnected dimers in the bulk, while zero modes
would be completely localized at the dangling edges, as
schematically shown in Fig.1. We denote the ground
states with edge modes (which will be referred to sim-
Figure 1: Edge zero modes of fractional fermions (green dot)
and Majorana fermions (γL and γR, red dots). The sys-
tem is composed of two rows of dimerized chains (in the
two σx-sectors). L± denote two ground states with frac-
tional fermions at the left edge. Schematically symmet-
ric/antisymmetric superposition of these ground states can
be used to get ground states with different spin parities. The
fractional charge remains at the left edge, and the spin parity
is characterized by occupation/absence of Majorana fermions.
The scenario also applies for the right edge. Notice however
the MZMs are of many-body type in nature, and actually can
not be constructed in terms of mean field states.
ply as edge modes) as |E±
〉
, where ± indicates the σx-
sector, and E = L/R the left/right edge. Such states do
not have definite spin parity, but can be recombined to
do so, |E↑/↓
〉
= (|E+
〉± |E−〉)/√2. It is clear that E↑/↓
carries definite Sz = ±1/2 and therefore they must differ
in spin parity.
The charge density ρE(j) =
〈
Eσ|c†jσ0cj |Eσ
〉
in a state
|Eσ
〉
can be calculated straightforwardly by inspection
of Fig.1. (The result is independent of σ =↑, ↓.) For
example, ρL(1) = 3/2, ρL(N) = 1/2 and ρL(j 6= 1, N) =
1, while ρR(1) = 1/2, ρR(N) = 3/2 and ρR(j 6= 1, N) =
1. Here N is the number of sites on the open chain. Thus
the edge modes can be probed by measuring the excess
charge on the edges.
We now look into the spin property more closely.
MZMs have to set in for the ground states with defi-
nite spin parity PS = ±1. They can not be constructed
directly from the edge zero modes discussed so far, since
they are essentially of many-body type in nature. We
may, however, construct many-body type MZMs at least
formally [17]: with d†E = |E↓
〉〈
E↑|, Majorana operators
can be defined as γE = d
†
E+dE and ηE = −i(dE−d†E)[18].
When acting on a spin-parity definite many-body ground
state, the Majorana operators switches the spin polarity,
and is exactly what can be used to classify the Z2 topol-
ogy in the spin sector.
Even though an exact MZM wave function is unavail-
able at this stage, we may gain insights by inspecting the
matrix element of spin-flipping operator (which changes
the spin parity) between the ground states, sE(j) =〈
E↑|c†jσxcj |E↓
〉
for E = L/R [19]. By direct calcula-
tions, we find sL(1) =
1
2 , sL(N) = − 12 , sR(1) = − 12 ,
sR(N) =
1
2 and sL/R(j) = 0 elsewhere. The peaks in
sE(j) imply the MZMs are also bound to the edges.
Given the existence of MZMs in the spin sector dis-
cussed above and the four-fold degeneracy in the ground
3state manifold, it appears plausible to rearrange the four
zero modes into a set of four MZMs spanned by, e.g.,
{γ, η}⊗ {ψL, ψR}, with {γ, η} describing topological de-
generacy due to the SPT fractionalization of Z2 spin par-
ity, and {ψL, ψR} describing topological degeneracy due
to the SPT fractionalization of inversion symmetry. In a
cartoon picture, the edge zero modes can be understood
as spin MZMs (with amplitudes on both edges) decorated
by a fractional charge (at one of the edges).
The product structure of edge zero modes enables
unconventional braiding properties. The braiding may
be applied either in the spin or charge sector. For
example, the unitary operator T1 = e
pi
4 γη braids γ
and η [9, 21], and T2 = e
iπ(F †
R
FR+F
†
L
FL−F †LFR−F †RFL)
exchanges two complex fermions F †L and F
†
R, which can
be constructed from the four MZMs [20]. The braiding
may be achieved by tuning W1 and W2 in a T-junction
set-up [9]. More interestingly, one may braid all of the
four MZMs, γL → ηR, ηR → γL, ηL → −γR, γR → −ηL
with the unitary operator U = T1T2.
Bosonization and field theoretical description We now
go beyond mean field theory to gain further understand-
ing of the edge zero modes. The low energy physics is
most reliably captured by the bosonized field theory. Fol-
lowing the standard procedure [7], we obtain an effective
Hamiltonian H = Hc +Hs +Hm, with
Hc = H0,c +
2gc
(2πa)2
∫
dx cos(
√
8φc),
Hs = H0,s +
2gs
(2πa)2
∫
dx cos(
√
8φs)
+
2hs
(2πa)2
∫
dx cos(
√
8θs),
Hm =
2hm
(2πa)2
∫
dx cos(
√
8φc) cos(
√
8θs). (3)
Here H0,ν =
1
2vν
∫
dx[Kν(∂xθν)
2 +K−1ν (∂xφν)
2] for ν =
c, s, φc/s is the bosonic field describing the charge/spin
excitations with velocity vc/s,
1
π∂xθν is the conjugate mo-
mentum of φν , and a is the lattice spacing. The Lut-
tinger parameters are given by Kc = (1 +
2W1
πvF
)−
1
2 and
Ks = (1− 2W1πvF )−
1
2 . The mass parameters are gc = 2W1,
gs = 2W1, hs = −2W2 and hm = 2W2. We notice
that under the inversion symmetry PI and spin parity
PS , the fields transform as P
†
I φc(x)PI = −φc(−x) and
P †Sθs(x)PS = θs(x) +
π√
2
(see the Appendix B 5 for more
details).
After bosonization, the system would be manifestly
spin-charge separated if the mixing part Hm were ab-
sent. In fact, the mass dimension of hm is 2−2Kc−2K−1s
(see the Appendix B 2), being negative in the weak cou-
pling limit where Kc,s ∼ 1. Therefore we drop Hm for
a moment, and will come back to its effect shortly. This
enables us to address topological phases in the two sec-
tors separately. Since Kc < 1 for W1 > 0, gc is relevant
and opens a charge gap. Meanwhile, Ks < 1 so gs is
irrelevant, but hs becomes relevant and also opens a gap.
Thus gc and hs will flow to strong-coupling under RG.
Since in our case gc > 0 and hs < 0, semiclassically the
ground state is characterized by φc =
π√
8
or 3π√
8
, and
θs = 0 or
π√
2
. The ground state is clearly 4-fold degen-
erate. Interestingly, Hm is a win-win coupling that gains
energy from both fields in the above ground state con-
figurations. It therefore enhances the stability of such
ground states without spoiling the ground state degener-
acy. (A more detailed RG analysis of Hm can be found
in the Appendix B 2.) Irrespective of Hm, the ground
state develops spin-charge separation, in the sense that
the charge sector describes a bond insulator (or Pierls in-
sulator), while the spin sector describes the dual of spin-
density-wave (a spin superfluid in a loose sense).
We notice that the mean field bSDW discussed above
can be translated into M ∼ 〈sin(√2φc) cos(√2θs)〉,
which is finite and may pick up two opposite signs in
the above semi-classical ground states. This verifies the
leading ordering tendency identified by FRG. Moreover,
as in the mean field theory case, the semiclassical state
in the spin sector, say |θs
〉
, mixes spin parities. We
can fix the parity by symmetric/antisymmetric recom-
bination, |e/o〉 ≡ 1√
2
(|θs = 0
〉 ± |θs = π√2〉). We
find |e/o〉 is even/odd under PS , with the understand-
ing that θs +
√
2π is equivalent to θs. The degener-
acy of ground states with respect to spin parities im-
plies that the spin sector may be mapped to a topologi-
cal superfluid, as already allured to. To see further how
this comes about, we consider an enlightening case, the
Luther-Emery point[13] (Kc,Ks) = (
1
2 , 2), at which the
bosonic Hamiltonian (dropping the Hm part) can be ex-
actly refermionized as
Hs =
∫
dx
{
χ†s(−ivs∂xτ3)χs −
hs
2
[χ†sτ2(χ
†
s)
t + h.c.]
}
,
Hc =
∫
dx(χ†c(−ivc∂xτ3 − gcτ2)χc. (4)
Here χν = (χ
R
ν , χ
L
ν )
t is a two-component spinor of chiral
fermions in the ν = c/s channel, τ2,3 are Pauli matri-
ces in the chiral basis, and we dropped the irrelevant
gs-term for brevity. We observe that Hc (Hs) is exactly
equivalent to the continuum limit of the SSH model (Ki-
taev model of 1D p-wave superconductor), with fractional
fermions (Majorana zero modes) at the edges. (In the
Appendix B 3 we show that the effect ofHm on top of the
Luther-Emery Hamiltonian merely enhances the stability
of the edge modes.) The topological features, although
obtained at a special point, are expected to hold as long
as the gaps remains finite in the bulk.
We remark that the spinor fields χν ’s are not simply
related to the fundamental fields cj , but should be viewed
as solitons in the φν fields[7]. Along this line, we find the
4fractional fermion modes can be viewed as kinks in φc,
while the MZMs can be viewed as kinks in both φs and
θs fields (see Appendix B4).
The bosonic field theory corroborates our earlier
analysis for the simultaneous presence of MZMs (in the
spin sector) and fractional fermion modes (in the charge
sector). This is remarkable since they are two essentially
different types of topological edge modes. The spin-
charge separation in the ground states makes it clear
that the MZMs in our case are indeed of many-body
type in nature.
Haldane phase in spin-1 chain We now illustrate that
the well-known Haldane phase in spin-1 chain [22] may
also be understood in terms of spin-charge separated edge
zero modes in an equivalent fermionic model. We con-
sider the spin-1 XXZ chain described by the Hamiltonian
HXXZ =
∑
j
J(Sxj S
x
j+1 + S
y
j S
y
j+1) + Jz
∑
j
Szj S
z
j+1, (5)
where J > 0 and Jz > 0. In a regime of parameters,
including the isotropic point J = Jz, the ground state of
the spin-1 system is 4-fold degenerate, characterized by
deconfined spinons Sz = ±1/2 at the edges [23]. Under a
generalized Jordan-Wigner transformation [24], the spin-
1 XXZ chain is mapped to a spin-1/2 fermion model [24,
25]
H = J
∑
jσ
(c¯†jσ c¯j+1σ + c¯
†
jσ c¯
†
j+1σ¯ + h.c.)
+4Jz
∑
j
Szj S
z
j+1, (6)
where c¯jσ = cjσ(1 − njσ¯) is the fermion operator
subject to no double occupancy, njσ = c
†
jσcjσ and
Szj = (nj↑ − nj↓)/2. The bosonization can be performed
by softening the hard constraint, c¯jσ → cjσ(1 − ǫnjσ¯),
in the spirit of adiabatic continuality from 0 < ǫ < 1
to ǫ = 1[26]. Without the p-wave triplet pairing terms
in H, the model becomes the so-called t − Jz model,
which is known to be gapless in the charge sector. In the
presence of the pairing terms, however, the charge and
spin sectors are mixed so that all excitations are gapped
in the bulk, as in the spin-1 model. Interestingly, the
ground states of H are also four-fold degenerate, and
the roles of spin and charge with regard to the SPT
fractionalization are exchanged (see Appendix C). This
is not surprising because H has a Z2 fermion parity. At
the Luther-Emery fixed point, the refermionized Hamil-
tonian would be essentially equivalent to Eq.(4) upon
the exchange s ↔ c. Now the charge sector describes
topological ‘superconductivity’, while the spin sector
depicts a spin-gapped insulator. The four-fold ground
state degeneracy can be characterized by Majorana
zero modes in the charge sector decorated by fractional
fermions in the spin sector. For comparison, it is the
spin that is bound to MZMs in the DIII-class topological
superconductor. Thus the H model describes a new type
of 1D topological superconductor.
Summary We have demonstrated that spin-charge
separated Majorana modes (in the spin sector) and
fractional fermions (in the charge sector) can present
simultaneously in a 1D chain following from SPT
fractionalizations of inversion symmetry and spin parity.
We have also offered an alternative understanding of the
Haldane phase in terms of spin-charge separated edge
zero modes. The lattice model we proposed and the
novel properties may be simulated and probed by cold
atoms in optical lattices.
We thank Y. X. Zhao and Y. Chen for helpful discus-
sions. This work was supported by the GRF of Hong
Kong ( HKU173051/14P & HKU 173055/15P), the URC
fund of HKU, and NSFC (under grant No.11574134).
Appendix A: Singular-mode functional
renormalization group
In the presence of competing orders, FRG is advan-
tageous to judge the leading ordering tendency at low
energy scales. Consider the interaction hamiltonian
HI =
1
(2!)2
c†1c
†
2V1234c3c4. (A1)
Henceforth the numerical index labels momentum k and
spin σ, and we leave implicit the overall momentum con-
servation k1 + k2 = k3 + k4. The interaction vertex
V1234 is fully anti-symmetrized with respect to (1, 2), and
to (3, 4). For brevity, summation over repeated indices
is implied unless declared otherwise. (The normaliza-
tion constant in the summation over momentum is ab-
sorbed by assuming unit length of the chain.) The idea
of FRG is to get the effective one-particle-irreducible in-
teraction vertex function Γ1234 for fermions whose en-
ergy/frequency is above a scale Λ. (Thus Γ is Λ-
dependent.) Equivalently, such a vertex function may be
understood as a generalized pseudo-potential for fermions
whose energy/frequency is below Λ. Starting from the
bare vertex V1234 at Λ ≫ 1, the contributions to ∂Γ/∂Λ
with decreasing Λ is given by, with full fermion antisym-
metry,
∂
∂Λ
Γ1234 = −1
2
Γ1265χ
pp
56Γ5634 + Γ1635χ
ph
56Γ5264
−Γ1564χph56Γ6235, (A2)
5where
χpp12 =
∂
∂Λ
∫
dω
2π
G1(ω)G2(−ω)θ(|ω| − Λ), (A3)
χph12 = −
∂
∂Λ
∫
dω
2π
G1(ω)G2(ω)θ(|ω| − Λ), (A4)
are differential susceptibilities in the particle-particle
(pp) and particle-hole (ph) channels, and G1(ω) is the
normal state Green’s function at Matsubara frequency ω
for the single-particle Bloch state labeled by 1. If the mo-
mentum dependence in Γ1234 is projected to the Fermi
points, FRG becomes equivalent to the g-ology RG and
the so-called patch-FRG [29] (if applied in the 1D case).
Because of the limitation in momentum resolution, such
RG schemes are known to be insufficient to describe non-
local order parameters in 1D [30]. Since retaining the full
momentum dependence otherwise in Γ1234 is an insur-
mountable task, we need a suitable truncation scheme to
keep the most important (or potentially singular) part of
Γ1234. This is achieved in the singular-mode FRG (SM-
FRG)[15]. In short, the potentially singular part of Γ
can be expanded in terms of scattering matrices between
finite-ranged (up to a truncation length rc) fermion bilin-
ears in the pp and ph channels. (Notice that the scatter-
ing distance between fermion bilinears is free from trun-
cation.) This truncation scheme is asymptotically exact
in the limit of rc →∞, and in practice a finite rc is suffi-
cient to capture any order parameters that can be defined
on site up to on bonds of length rc. In our case we find
the result converges already at rc = 2. The rational be-
hind the success of this truncation scheme is the fact that
order parameters following from collective modes are in
general short-ranged in internal structure. The technical
details can be found elsewhere[15]. Here we merely quote
that from Γ1234 we can extract the effective interaction
V pp and V ph in the pp and ph channels, respectively,
V pp(1|2)(4|3) = Γ1234, V
ph
(1|3)(4|2) = −Γ1234, (A5)
where (1|2) is a combined index for a fermion bilinear.
The fact that both interactions are extracted from the
same vertex function means that all channels are treated
on equal footing. The interaction matrices can be decom-
posed into eigen modes as, with explicit momentum-spin
indices, and for a given collective momentum q,
V pp
(k+q,α|k¯,β)(k′+q,γ|k¯′,δ) =
∑
m
Sppm φ
αβ
m (k)(φ
†
m)
γδ(k′),
V ph(k+q,α|k,β)(k′+q,γ|k′,δ) =
∑
m
Sphm ψ
αβ
m (k)(ψ
†
m)
γδ(k′),
where k¯ = −k, m labels the eigen mode, Sm is the eigen-
value, and φm or ψm is the (matrix) eigen function. Up to
symmetry-dictated degeneracy, the most diverging (ver-
sus decreasing running scale Λ) and attractive eigen mode
indicates the instability channel and the associated eigen
function describes the emerging order parameter.
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Figure 2: FRG flow of the leading attractive eigenvalues S
(plotted as 1/S for a better view) in the pp (blue) and ph
(read) channels for W1 = W2 = 0.2t. The associated col-
lective momentum q and (matrix) form factor are also given.
Notice that they may evolve during the flow to low energy
scales. For example, in the pp channel there is a level cross-
ing (arrow) from q = pi at higher energy scale to q = 0 at
lower energy scale.
Fig.2 shows the flow of the leading attractive eigenval-
ues of the effective interactions in the pp and ph chan-
nels versus the decreasing energy scale Λ for the bare
parameters W1 = W2 = 0.2t. The ph channel (red line)
is clearly dominant. The collective momentum q = π
and the form factor ψ(k) ∼ i sinkσx describe exactly
the structure of bSDW, M ∼ ∑k 〈c†k+πi sinkσxck 〉.
The pp channel (blue line) is weak. At higher energy
scales, the leading mode in this channel would describe
an sPDW with collective momentum q = π and form fac-
tor φ(k) ∼ iσy. At lower scales, it switches to a uniform
triplet pairing with collective momentum q = 0 and form
factor φ(k) = sin kσxiσy. These modes are mentioned in
the main text. The weakness of the pairing channel re-
sults from interference between umklapp scattering and
Cooper scattering.
We have performed systematic calculations in the
regime 0 < W1 ≤ 0.3t and 0 < W2 ≤ 0.3t. We find
that bSDW is the leading instability for W1/W2 > 1/8,
while the usual site-local SDW (with Neel moment along
xˆ) becomes the leading instability for W1/W2 < 1/8. In
the secondary pp channel, the leading mode (at the di-
vergence scale of the ph channel) corresponds to sPDW
for W1/W2 > 1, and to triplet pairing for W1/W2 < 1.
We conclude that the mean field theory in the main text
is valid as long as W1/W2 > 1/8.
6Appendix B: Bosonization and field theory of the
lattice model
1. Bosonization
In the following we describe the technical details in the
bosonization of fermion model (1). In the low energy and
long wavelength limit, we have
cj√
a
→ ψσ(x) = ψRσ(x)eikF x + ψLσ(x)e−ikF x (B1)
where ψǫσ(x) (with ǫ = ±) describes right/left mov-
ing chiral fermions, a is the lattice spacing and kF =
π
2 is the Fermi momentum. Using standard bosoniza-
tion techniques[7], the chiral fermions can be expressed
through boson fields as,
ψǫσ(x) =
Uǫσ√
2πa
ei[θσ(x)−ǫφσ(x)] (B2)
where φσ(x) and θσ(x) are boson fields subject to
[φσ(x),
1
π∂xθσ′(x
′)] = −iδ(x − x′)δσσ′ , and Uǫσ is the
Klein factor insuring anticommuting relation between
fermions of different species. To reveal the charge and
spin degree of freedom in this system, one turns to the
new basis
φc/s =
1√
2
(φ↑ ± φ↓),
θc/s =
1√
2
(θ↑ ± θ↓). (B3)
with c/s denoting charge/spin.
We first bosonize the noninteracting part of H to get
Hν0 =
vF
2
∫
dx[(∂xθν(x))
2 + (∂xφν(x))
2], where ν = c/s.
We proceed to bosonize the interactions. We observe that
ψ†↑(x)ψ
†
↓(x) = ψ
†
R↑ψ
†
L↓ + ψ
†
L↑ψ
†
R↓
+ψ†R↑ψ
†
R↓e
−2ikF x + ψ†L↑ψ
†
L↓e
+2ikF x
ψ↓(x+ a)ψ↑(x+ a) = ψR↓ψL↑ + ψL↓ψR↑
+ψR↓ψR↑e−2ikF (x+a) + ψL↓ψL↑e+2ikF (x+a).(B4)
Plugging into the W1-term we get
2W1
(2πa)2
{[2a2(∂xφc)2 − 2a2(∂xφs)2]
+2 cos
√
8φc + 2 cos
√
8φs)}. (B5)
To determine the sign of mass terms cos
√
8φc and
cos
√
8φs, the ordering of the Klein factors matters.
Henceforth we use the convention UR↑UL↑UL↓UR↓ = 1.
On the other hand, we observe that
ψ†↑(x)ψ↓(x) = ψ
†
R↑ψR↓ + ψ
†
L↑ψL↓
+ψ†R↑ψL↓e
−2ikFx + ψ†L↑ψR↓e
+2ikF x
ψ†↑(x + a)ψ↓(x+ a) = ψ
†
R↑ψR↓ + ψ
†
L↑ψL↓
+ψ†R↑ψL↓e
−2ikF (x+a) + ψ†L↑ψR↓e
+2ikF (x+a). (B6)
0 1 2 3 4 5 6
−2
−1
0
1
2
l
 
 
K
c
ygc
K
s
ygs
yhs
y
m
Figure 3: RG flow of the coupling and Luttinger parameters.
The initial condition is set as ygc = yhc = −yhs = ym = 0.2,
Kc = (1 + 0.2)
−0.5 and Ks = (1 − 0.2)
−0.5. Notice that ym
initially decreases but is eventually driven to strong coupling.
See the text for details.
Substitution into the W2-term yields
− 2W2
(2πa)2
cos
√
8θs +
4W2
(2πa)2
cos
√
8φc cos
√
8θs. (B7)
Here we omitted the term cos
√
8φs cos
√
8θs which is al-
ways irrelevant since φs and θs are dual variables that
can not be pinned simultaneously. Collecting everything
together we end up with Eq.(3).
2. Bosonic renormalization group
Now we apply RG to analyze the bosonized H . We
define the dimensionless coupling parameters as ygc =
gc
πvc
, ygs =
gs
πvs
, yhs =
hs
πvs
, and ym =
hm
πvs
. Under RG,
the coupling parameters and the Luttinger parameters
flow as follows, up to the second order in y’s,
dygc
dl
= (2− 2Kc)ygc − (1− 2K−1s )ymyhs,
dKc
dl
= −1
2
K2c (y
2
gc + y
2
m), (B8)
for the charge sector, and
dygs
dl
= (2− 2Ks)ygs,
dyhs
dl
= (2− 2K−1s )yhs − (1 − 2Kc)ygcym,
dKs
dl
=
1
2
(y2hs + y
2
m −K2sy2gs), (B9)
for the spin sector, and
dym
dl
= (2 − 2Kc − 2K−1s )ym − ygcyhs (B10)
7for the mixing term in Hm. Here l = ln
a′
a is the RG pa-
rameter. As stated in the main text, we choose W1 > 0
and W2 > 0 so that initially ygc > 0, yhc > 0, Kc < 1,
Ks > 1 and yhs = −ym < 0. Numeral solution of the RG
equations presented in Fig.3 reveals that eventually gc, hs
and hm are relevant, while gs is irrelevant. Even though
the mass dimension of hm is 2−2Kc−2K−1s < 0 initially,
it becomes relevant at large l (or small energy scale) be-
cause of a source term in the flow equation, −ygcyhs,
which is positive in our case and drives ym to strong cou-
pling.
3. Refermionization
To gain further insights into the gapped phase, we
study the model at the Luther-Emery point. We first
ignore the mixing term Hm. This enables us to address
edge zero modes from spin and charge channels sepa-
rately. In the charge sector, the Luther-Emery point is
Kc =
1
2 . To refermionize Hc, we first rescale the bosonic
fields as φc√
Kc
→ φc,
√
Kcθc → θc. Introducing new chiral
fermionic operators,
χRc =
URc√
2πa
e−i(φc−θc), χLc =
ULc√
2πa
e−i(φc−θc) (B11)
we get
Hc =
∫
dxχ†c(−ivcτ3∂x − gcτ2)χc, (B12)
where χc = (χ
R
c , χ
L
c ) is a spinor and τ2,3 are Pauli ma-
trices in the chiral basis. In this form Hc corresponds to
the continuum limit of SSH model. The system supports
zero modes of fractional fermions at two ends, created by
the following field operators
F †L =
√
gc
vc
∫ N
0
dx(χRc + χ
L
c )
†e−
gc
vc
x,
F †R =
√
gc
vc
∫ N
0
dx(χRc − χLc )†e−
gc
vc
(N−x), (B13)
where N is the length of the chain.
In the spin sector, the Luther-Emery point is at Ks =
2, and we want to refermionize Hs, dropping the ir-
relevant term gs for brevity. Similarly to the case of
charge sector, we rescale the bosonic fields as φs√
Ks
→ φs,√
Ksθs → θs and introduce new chiral fermionic opera-
tors,
χRs =
URs√
2πa
e−i(φs−θs), χLs =
ULs√
2πa
e−i(φs+θs), (B14)
and we end up with
Hs =
∫
dx
[
χ†s(−ivsτ3∂x)χs −
hs
2
(∆†s +∆s)
]
, (B15)
where χs = (χ
R
s , χ
L
s ) is the spinor in the chiral basis, and
∆†s = χ
†
sτ2(χ
†
s)
t is a triplet pairing operator in the spin
sector. Clearly Hs in the above form corresponds to the
continuum limit of Kitaev model of one dimensional p-
wave superconductor. The two Majorana zero modes are
obtained as
γL =
√
|hs|
2vs
∫ N
0
dx i(χRs + χ
L
s − h.c.)e−
|hs|
vs
x,
γR =
√
|hs|
2vs
∫ N
0
dx(χRs + χ
L
s + h.c.)e
− |hs|
vs
(N−x).
Now we consider the effect of the mixing term Hm.
We observe that the pinning of φc and θs also minimizes
Hm. Therefore we expect the topological properties of
this system is not changed by Hm, which can be written
as, at the Luther-Emery point,
Hm =
hm
2
∫
dx χ†cτ2χc(∆
†
s +∆s).
In the presence of Hm, [H,F
†
L/R] 6= 0 and [H, γL/R] 6=
0, meaning that the edge modes obtained earlier are no
longer zero-energy eigen modes. However, we may find
new edge zero modes in a mean-field approximation,
Hm ∼
∫
dx
[
hmδsχ
†
cτ2χc + hmδc(∆
†
s +∆s)/2
]
, (B16)
with δs =
〈
∆†s +∆s
〉
/2 and δc =
〈
χ†cτ2χc
〉
. This merely
modifies the mass terms as g¯c = gc − hmδs and h¯s =
hs − hmδc. Given gc > 0 (hs < 0) in our case, Hc (Hs)
fixes δc > 0 (δs < 0), so that g¯c > gc > 0 and h¯s <
hs < 0. Thus edge zero modes can be reconstructed, and
the only change is the enhancement of energy gaps in the
bulk and reduction in the penetration depth of the edge
modes. This is a restatement that Hm further stabilizes
the edge zero modes.
4. Edge zero modes as kinks
The Edge zero modes can also be regarded as kinks in
bosonic fields. Kinks corresponding to edge zero modes
of fractional fermions and Majorana fermions are fun-
damentally different, and thus we would like to discuss
them separately. Before doing so, we should first un-
derstand what is the proper field theory for the vac-
uum. We may consider the vacuum as a trivial insula-
tor in both spin and charge sectors, with the mass term
−V (cos 2φ↑+cos 2φ↓) = −2V cos
√
2φc cos
√
2φs. We as-
sume V > 0 so that φc and φs are pinned at zero. In
this scenario there is no spin-charge separation in vac-
uum. This will be very important in the discussion of
Majorana zero modes in the spin sector below.
Assume the quantum wire is bounded by x ∈ [0, N ].
Let us first consider edge zero modes of fractional
8fermions. Since φc is pinned to 0 in the vacuum and
to π√
2
(nφc +
1
2 ) in the quantum wire, where nφc is in-
teger operator, there must be a kink connecting the two
phases across the boundary. This kink is of minimal mag-
nitude ± π√
8
, resulting a fractional fermion located at the
boundary with charge
ρF =
∫
dxρc(x) = −
∫
dx
√
2
π
∂xφc = ∓1
2
. (B17)
Now we address the Majorana zero modes. In the
quantum wire, we have θs =
π√
2
nθs . In the vacuum,
bosonic fields are pinned as φ
(j)
s =
√
2πn
(j)
φs
, where j = 1
(j = 2) refers to the vacuum at x < 0 (x > N). The vac-
uum and the quantum wire can be connected by the kink
operators[28], γj ∼ eiπ(n
(j)
φs
+nθs ). Note that n
(j)
φs
and nθs
are integer operators, and [φs(x), θs(x
′)] = iπΘ(x − x′),
where Θ is the Heaviside step function. This leads to
[n
(2)
φs
, nθs ] =
i
π and [n
(1)
φs
, nθs ] = 0 (due to the step func-
tion in the above commutator), and consequently γ2j = 1
and {γ1, γ2} = 0, exactly the required algebra for Majo-
rana operators. This defines the MZMs on the two edges.
Note the fundamental difference to the kink operators for
the fractional fermions.
The above discussion clarifies how edge zero modes can
be realized in spin and charge channels separately. The
fact that the MZMs are kinks in both φs and θs signifies
the many-body nature in such modes.
5. Symmetries
Here we consider how inversion symmetry PI and spin
parity symmetry PS operator work on the bosonic fields.
The inversion operator PI acts on charge/spin density
as P+I ρc/s(x)PI = ρc/s(−x), and on charge/spin current
as P+I jc/s(x)PI = −jc/s(−x). We recall that
ρc = −
√
2
π
∂xφc, ρs = − 1√
2π
∂xφs,
jc =
√
2
π
∂xθc, js =
1√
2π
∂xθs.
Thus we have P+I φc/s(x)PI = −φc/s(−x) and
P+I θc/s(x)PI = θc/s(−x). As a side remark, the inversion
operator for the refermionized Hc in the main text can
be determined by requiring P †I hc(k)PI = hc(−k) where
hc(k) is the single-particle part of Hc in the momentum
space. A simple inspection reveals that PI = τ2.
Now we turn to the spin parity PS ≡ (−1)ρs = eiπρs .
Using the relation [ρs(x), θs(x
′)] = iδ(x − x′), we find
eiπρsθse
−iπρs = θs + π√2 . Thus, the spin parity operator
shifts the bosonic field θs by
π√
2
. The spin parity provides
an intrinsic particle-hole symmetry for the refermionized
Hs.
In the presence of fermion parity symmetry, we may
also define a fermion parity operator Pc ≡ (−1)ρc =
eiπρc . We observe that [ρc(x), θc(x
′)] = 2iδ(x− x′), thus
eiπρcθce
−iπρc = θc +
√
2π. This is very different to the
case of PS and will be useful when we discuss topological
superconductivity associated with fermion parity.
Appendix C: Bosonization of t− Jz model with
p-wave like pairing
The spin-1 Haldane chain can be mapped to a spin-
1/2 fermion system described by the Hamiltonian H =
Ht−Jz +Hp,[24, 25] with
Ht−Jz = J
∑
jσ
(c¯†jσ c¯j+1σ + h.c.) + 4Jz
∑
j
Szj S
z
j+1,
Hp = J
∑
jσ
(c¯†jσ c¯
†
j+1σ¯ + h.c.). (C1)
Here c¯jσ = c
†
jσ(1−njσ¯) is the fermion operator subject to
no double occupancy constraint, njσ = c
†
jσcjσ and S
z
j =
(nj↑−nj↓)/2. (Notice that no constraint is needed in Szj ).
In the limit of Jz = J , H is equivalent to the isotropic
spin-1 Heissenberg model. Without the triplet-pairing
term inHp,Ht−Jz can be bosonized by softening the hard
constraint on the fermion operators, c¯σ → cσ(1 − ǫnσ¯),
in the spirit of adiabatic continuity from 0 < ǫ < 1 to
ǫ = 1[26],
Ht−Jz ∼
∑
ν=c,s
vν
2
∫ [
Kν(∂xθν)
2 +K−1ν (∂xφν)
2
]
+
2gs
(2πα)2
∫
dx cos(
√
8φs). (C2)
The parameters are given by
Kc =
1√
1 + 4ǫπ cot
πf
2
,
Ks =
1√
1 + 4JzπvF − 4ǫπ cot
πf
2
,
gs = vF
[
8ǫ cot
πf
2
+
4Jz
vF
cos(πf)− 2ǫ
2
π
]
,
where f = 2/3 is the average filling, vF = 2J sin(πf/2)
is the fermi velocity in the otherwise free model. Notice
that the fermion system is hole doped, with equal prob-
ability of spin-up fermion, spin-down fermion, and hole
occupancies (so that f = 2/3 on average), in order for H
to be equivalent to the spin-1 model in its spin-disordered
phase. On one hand, this weakens the Mottness as in the
doped t− J model, making the constraint-softening bet-
ter defined, on the other hand, the umklapp term drops
out of the charge sector. Therefore the charge sector
9of Ht−Jz is gapless, while the spin sector is gapped if
Ks < 1. This behavior is significantly modified by Hp,
which can be bosonized as
Hp ∼ 2hm
2πa
∫
dx sin(
√
2θc) sin(
√
2φs). (C3)
Consistent with previous convention for the Klein fac-
tors, we used UR↑UL↓ = UL↑UR↓ = i (the sign before
the imaginary number is understood as a gauge choice),
and we found hm ∼ −2J(1 − ǫf), apart from other con-
tributions to Hp that are immaterial for the following
discussion. Hp in the above form mixes the spin and
charge sectors, and generates a gap in the charge sector
if Kc > 1/4. In this way all excitations are gapped in the
bulk, as anticipated for the original spin-1 chain.
More interestingly, the ground states of H = Ht−Jz +
Hp are also four-fold degenerate, provided that gs > 0.
Indeed, φs is pinned at λπ/
√
8, with λ = ±1. These
spin states are bond insulators, and carry the amzaing
Haldane string order[27],
〈Ozs (i, j)〉 ∼
〈
sin
√
2φs(i) sin
√
2φs(j)
〉
6= 0,
where Ozs (i, j) = S
z
i e
i2π
∑j−1
l=i+1 S
z
j Szj . Corresponding to
φs, in the charge sector θc = λ(π/
√
8 + n
√
2π) with n =
0, 1. These charge states are exactly related by the charge
parity operator Pc we highlighted above. In total, we get
four-fold degeneracy in the ground state manifold.
The properties of the spin and charge sectors provide
the ground for edge zero modes. There are fractional
fermions in the spin sector by fractionalization of the in-
version symmetry, and there are Majorana modes in the
charge sector by fractionalization of the fermion parity.
To have a better idea, we first approximate sin(
√
2φs) by
its value in one of the semi-classical ground states. This
is doable since at the Gaussian level, the fluctuations of
sin(
√
2φs) is four times smaller than that of cos(
√
8φs).
Under this approximation the resulting model can be
refermionized exactly at Kc = Ks = 1/2. We there-
fore find explicitly topological superconductivity in the
charge sector, described by the Kitaev model of p-wave
pairing in spinless fermion systems, and bond-ordered in-
sulator in the spin sector, described by the spinless SSH
model. Such topological properties are expected to hold
in a considerable regime of Jz/J , but an exact phase dia-
gram is difficult to draw, given the approximations made
during bosonization of Ht−Jz and Hp (specifically when
dealing with the no-double occupation constraint).
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